This paper addresses the control strategy for the suppression of maglev vehicle-bridge interaction resonance, which worsens the ride comfort of vehicle and degrades the safety of the bridge. Firstly, a minimum model containing a flexible bridge and ten levitation units is presented. Based on the minimum model, we pointed out that magnetic flux feedback instead of the traditional current feedback is capable of simplifying the block diagram of the interaction system. Furthermore, considering the uncertainty of the bridge's modal frequency, the stability of the interaction system is explored according to an improved root-locus technique. Motivated by the positive effects of the mechanical damping of bridges and the feedback channels' difference between the levitation subsystem and the bridge subsystem, the increment of electrical damping by the additional feedback of vertical velocity of bridge is proposed and several related implementation issues are addressed. Finally, the numerical and experimental results illustrating the stability improvement are provided.
Introduction
Compared with the conventional railway systems, the electromagnetic maglev system has advantages of lower noise, less exhaust fumes emission, less maintenance cost, and the ability to climb steeper slopes, which is a new kind of urban transport that has been widely concerned in recent years [1] [2] [3] .
However, when the maglev is suspended upon the bridge, standing still or moving at very slow speed, the bridge and vehicle may vibrate continuously with oversized amplitude, which is called maglev self-excited vibration. The self-excited vibration degrades the safety of the bridge and worsens the ride comfort of vehicle, which is a burning issue to be solved [4] [5] [6] .
Up to the present, extensive investigations on the principle underlying the maglev self-excited vibration have been reported. Alberts et al. [7, 8] pointed out that the American Maglev Technologies system achieved successful levitation in Florida on a bridge mounted to the earth on a concrete foundation but later encountered difficulties in achieving stable levitation when the vehicle was moved to the bridge installed on the Old Dominion University campus. They believed that the over flexibility of the bridge on the Old Dominion University campus was the main reason. Wang et al. [9] pointed out that the self-excited vibration is due to the improper frequency relationship between various components of the system. Zhang et al. [10, 11] studied the signal delay's influences on the stability of nonlinear levitation system. The analysis shows that the system will undergo a periodic vibration when the time-delay reaches a critical value.
Recently, more works are focused on the engineering solutions of self-excited vibration. Generally, the solutions tend to be divided into two groups. The first group is to optimize the parameters of the bridge system, including enlarging the mass per meter [12] , enlarging the modal damping [13, 14] , and decreasing the modal frequencies [15, 16] .
To some extent, these optimizations are capable of avoiding the self-excited vibration. In engineering, the mass increment of bridge was widely adopted. However, it raises the initial cost significantly. The modal damping ratio is mainly determined by the bridge's materials. Hence, the increment of modal damping ratio is a theoretical method and unavailable in engineering. Decreasing the modal frequencies of bridges is unsuitable for the completed maglev routes.
The other group is to improve the control strategy of levitation system, including optimization of the parameters and minimization of the time-delay of feedback channels [17] , virtual tuned mass damper algorithm [6] , and the virtual energy harvester algorithm [18] . They believed that these control strategies are capable of avoiding the self-excited vibration for the given bridge, and the robustness to bridges with different modal frequencies awaits further research.
To analyze the robustness of the control scheme to bridges with different modal frequencies, in this paper, the magnetic flux feedback instead of the traditional current feedback is proposed to simplify the block diagram of the vehicle-bridge interaction system, and an improved root-locus technique corresponding to the modal frequencies is explored.
Furthermore, to avoid the instability of the bridge with improper modal frequency and minor modal damping, a practical control scheme is explored from the perspective of theoretical source and engineering implementation. Finally, its validity is checked experimentally by the real and full-sized maglev system.
The research reported here is engineering-oriented. The purpose is to develop a practical control strategy that is capable of eliminating the self-excited vibration and is applicable to a real maglev system.
Modeling of Vehicle-Bridge Interaction System
Considering the complexity of the self-excited vibration, an overall dynamic model of the interaction system with details, which is shown in Figure 1 , may result in a difficult analysis to draw useful conclusions. Here, a minimum interaction model containing the quintessential parts, a flexible bridge, and some levitation units is presented.
Modeling of Bridge.
In this section, the maglev bridge is simplified as a Bernoulli-Euler beam due to the fact that the length of the bridge is much larger than the size of other dimensions. The nonlinearity behaviors of the bridge are neglected because the amplitude of the vibration is sufficiently small when compared with the span of bridge [18] . For the maglev vehicle, the dynamics of sprung mass and the coupling force between different electromagnets are neglected due to the isolation effect of air-spring and antiroll beams. Based on the above assumptions, the minimum interaction model is shown in Figure 2 . Variable is the span of the bridge. Furthermore, the motion of bridge is described by the following differential equation [6] :
where is the axial coordinate of the bridge, is the vertical displacement of bridge, is the time, is the bending rigidity, is the mass per meter of bridge, and ( , ) is the electromagnetic force acting on the bridge.
For the simply supported concrete beam, th modal frequency and modal shape functions ( ) are [19, 20] 
where = / . Using the modal superposition method, the solutions of (1) may be expressed as
Here, ( ) is the time-varying amplitude of th modal displacement. When considering the mechanical damping of the bridge, substituting (3) into (1), multiplying both sides of the aforementioned resultant equation by ( ), and then integrating both sides from 0 to , it gives
According to the observation of the low-speed maglev test base of china, the maglev self-excited vibration is mainly evoked by the first modal of bridge. Hence, the stability of the first modal of bridge should be emphasized and the higher modals may be neglected temporarily. In this case, (4) is simplified as̈(
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Here, ( ) is the first modal displacement, ( ) is the first modal shape functions, and is the first modal frequency of bridge. Multiplying both sides of the resultant equation by ( ), it gives
Assuming that the number of levitation units suspended on the bridge is , the length of levitation unit is , and the left axial location of th levitation unit is , in this case, (6) may be rewritten as
In this section, the nonlinearity behavior of the bridge is neglected because the amplitude of the vibration is sufficiently small when compared to the span of bridge. According to [17] , the fundamental component of electromagnetic force ( , ) is proportional to its shape function ( ). In this case, it gives
With regard to special case = 0.5 , it gives thaẗ
Here, = 2 ( )
( ) is the modal displacement and variable ( ) is the electromagnetic force of the levitation unit at the axial location of = 0.5 .
Modeling of Levitation System with Current Feedback.
Suppose the turns of a single electromagnet are , the pole area is , and the magnetic permeability of vacuum is 0 . For a single electromagnet, the dynamic equations related voltage ( ) and electromagnetic force ( ) are
where is the resistance, ( ) is the current of electromagnet, and ( ) is the averaged electrical clearance between the bridge and related electromagnet. Considering the vibration isolation effect of air-spring, the dynamics of sprung mass is neglected. Then the movement of electromagnet is
where ( ) is the vertical displacement of electromagnet, is the acceleration of gravity, is the sprung mass, and is the mass of electromagnet. According to (12) , it can be seen that steady current 0 and steady voltage 0 of electromagnet are
Here, variable 0 is the steady levitation gap. Due to its clear physical meaning and excellent performance in maglev engineering, the cascaded-controller, whose inner loop adopts the feedback of current negative feedback, is widely applied [17, 18] . The control scheme is
where ( ) is the desired current of the electromagnet and , , , are the control parameters. It has been observed that the self-excited vibration occurs when the vehicle is suspended upon the bridge, standing still or moving at very slow speed. When the vibration amplitude of the bridge is sufficiently small, the maglev vehicle-bridge interaction system is quasistatic.
When examining the stability of the interaction system around the equilibrium point, the linearized model may be applied to simplify the analysis process without introducing noticeable errors. Considering the linear additive property of the linearized model, the expected current ( ) may be divided into two parts, 1 ( ) and 2 ( ). Variable 1 ( ) is the total feedback of the electromagnet's states and 2 ( ) is the total feedback of the bridge's states. In this case, (14) may be rewritten as
Correspondingly, control voltage ( ) is divided into two parts, 1 ( ) and 2 ( ):
In this case, the block diagram of the maglev vehiclebridge interaction system is shown in Figure 3 .
Block "EM" represents the balance equation (10) Mathematical Problems in Engineering
Figure 3: The block diagram with current feedback.
According to (11) , the electromagnetic force is determined jointly by the current and levitation gap. In this case, the electromagnetic force, the current, and levitation gap interacted with each other, which results in the block diagram that is more complex and deranged.
Modeling of Levitation System with Flux Feedback.
As we all know, except for (11), the electromagnetic force may be rewritten as
Correspondingly, the voltage balance equation is
According to (18) and (19) , the electromagnetic force is determined solely by the magnetic flux and the voltage balance equation is briefer than (10), which may be conductive for the active control of levitation system. To prove it, the cascadedcontroller is adopted as well:
where ( ) is the desired magnetic flux of the levitation gap and , , , are the control parameters. Similarly, expected magnetic flux ( ) is divided into two parts, 1 ( ) and 2 ( ). In this case, (14) may be rewritten as
Correspondingly, control voltage ( ) is divided into two parts, 1 ( ) and 2 ( ): Figure 3 , it can be seen that the magnetic flux feedback is capable of simplifying the block diagram of the maglev vehicle-bridge interaction system, which is promising and adopted to avoid the self-excited vibration.
Stability Analysis of the Interaction System
The stability of the levitation system itself is a necessary condition for the suppression of the self-excited vibration of the maglev vehicle-bridge interaction system.
Stability of the Levitation System
Itself. In light of Figure 4 , when the flexibility of bridge is ignored ( = 0), the transfer function of the levitation system from electromagnetic force ( ) to displacement of electromagnet ( ) is
where
The characteristic equation of transfer function 1 ( ) is
For the levitation subsystem, positive parameters , , , are adjustable. According to the Routh-Hurwitz stability criterion, the levitation system itself is stable on condition that (26) is satisfied when the noise level of signals is not considered:
Stability of the Interaction System.
When considering the flexibility of the bridge, the transfer function of the maglev vehicle-bridge interaction system from electromagnetic force ( ) to displacement of electromagnet ( ) is
The characteristic equation of transfer function 2 ( ) is
where 5 = 2
). Generally, the characteristic roots may be denoted as 1,2 = 1 ± 1 , 3,4 = 2 ± 2 , and 5 = 3 . If three real parts 1 , 2 , and 3 all are negative for the given modal frequency of bridge, the interaction system is stable and the self-excited vibration will be avoided.
However, according to (29), the characteristic equation of the maglev vehicle-bridge interaction system is complex. When considering the adaptability to more bridges with different modal frequency, the calculation of the characteristic roots will be more difficult.
To explore the relationship between the varying modal frequency and the three real parts, the root-locus method is adopted manually by the commercial software MATLAB2012a. When the parameters are set as = 1000, = 30, = 0.4, = 30, and = 360, the three real parts corresponding to varying modal frequency are shown in Figure 5 .
When modal damping ratio is set as 0.005, it can be seen that 2 and 3 are negative along the all axes of the modal frequency. However, real part 1 is positive when the bridge's modal frequency belongs to interval [67.3 118.7] rad/s. This is to say, control scheme (20) is incapable of avoiding the instability if the modal frequency falls in this interval. Hence, control scheme (20) should be improved to avoid the selfexcited vibration.
Solutions to Avoid the Vibration

Theoretical Exploration. Pang et al. and Hong and Li
pointed out that enlarging the modal damping of bridge is beneficial for avoidance of the self-excited vibration [13, 14] , which may be verified from the perspective of characteristic roots as well. When modal damping ratio is set as 0.02 and the other parameters are unchanged, real parts 1 , 2 , and 3 are shown in Figure 6 . It can be seen that three real parts, 1 , 2 , and 3 , are all negative, and the self-excited vibration is avoided.
Unstable interval
The mechanical damping of bridges is determined by its material. To a certain extent, the bridge's stability problem could not be solved by enlarging its mechanical damping. Even so, it provides us some inspiration to avoid the selfexcited vibration by improving the damping characteristics of the bridge subsystem.
Besides, according to Figure 4 , for the levitation subsystem, the displacement, velocity, and acceleration signals of electromagnet are fed back together. However, for the bridge subsystem, only the displacement information is fed back solely.
Motivated by the positive effects of the mechanical damping and the difference of the feedback channels, we guess that the feedback of the bridge's vertical velocity is available to improve the stability of the maglev vehicle-bridge interaction system. In this case, the expected magnetic flux is updated as
Variable is the feedback gain of the bridge's velocity. Correspondingly, the block diagram with the feedback of the bridge's velocity is shown in Figure 7 .
To explore the validity of control scheme (30), modal damping ratio is set as 0.005 and gain is set as 15. In this case, real parts 1 , 2 , and 3 are shown in Figure 8 . It can be seen that the real parts are all negative no matter how large the modal frequency of bridge is.
Hence, we conclude that the addition of the bridge's velocity feedback to control scheme (20) is capable of avoiding the self-excited vibration theoretically.
Engineering Implementation.
In light of (30), its engineering implementation that relies on the vertical velocity of the bridge, which, however, is unavailable due to the lack of sensors, so that the real-time estimation of the velocity of bridge at the location of the electromagnets is essential.
In a real maglev system, two real-time signals, including levitation gap ( ) = ( ) − ( ), which is measured by an eddy current gap sensor, and acceleration of electromagnet ( ) =̈( ), which is detected by an accelerometer, are available.
Theoretically, the velocity signal of the electromagnet may be obtained by the integration of its acceleration signal, and the derivation of the levitation gap may be acquired by its differentiation:̇(
Further, the velocity signal of the bridge may be given aṡ
However, in maglev engineering, owing to the leakage flux of electromagnet and the pulse of the chopper, levitation gap signal ( ) is severely polluted. The differentiation signal of levitation gap is whelmed by the noise. To attenuate it, a low-pass filter should be added.
Besides, as for acceleration signal ( ), its direct component is nonzero and uncertain due to its imperfect installation. The saturation phenomenon of integration may appear if the idea integrator is adopted. To avoid it, the self-capturing integrator is proposed. In this case, the vertical velocity of bridge may be estimated out by the following filter:
where V ( ) is the estimated velocity of bridge, 1 is the bandwidth of self-capturing integrator, and 1 is the time constant of the quasidifferentiator. Generally, bandwidth 1 should be large enough to attenuate the low-frequency disturbance and uncertainty. Meanwhile, bandwidth 1 should be small enough to ensure the high-frequency's correspondence between the self-capturing integrator and ideal first-order integrator. In this work, 1 = 2 and 1 = 0.001.
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Numerical and Experimental Validation
Theoretically, the addition of the bridge's velocity feedback to control scheme (20) is capable of avoiding the self-excited vibration. However, it should be checked numerically and experimentally prior to entry into commercial service.
Numerical Validation.
To obtain creditable conclusions, the engineering conditions should be simulated at great length. Firstly, the overall nonlinear maglev vehicle-bridge model with detail, including the vehicle body, the secondary, the bogies and the levitation modules, the saturation of control voltages, the misalignment distribution between the actuators and sensors, is adopted. Besides, considering the eddy gap sensor is polluted by the high-frequency magnetic field, the reasonable amount of noise is applied to the gap sensors. Besides, the direct component of the acceleration transducer is set as 0.2 m/s 2 . In this subsection, the parameters of controller are set as = 1000, = 30, = 0.4, and = 30. Modal damping of bridge is set as 0.01. To simulate the limit cycle observed in maglev engineering practice, the hard nonlinear damping of bridge is assumed and set as non ( ) = + 200 ⋅ | ( )|. The simulation results are shown in Figure 9 .
When the time sequence is less than 1 s, expected levitation gap set is linearly varied, with the help of the integration term, and the gap error decays to zero quickly. In this section, modal frequency is set as 81.68, which belongs to unstable interval (67.3 118.7). In this case, the dynamic responses are shown in Figure 9 .
Expectedly, the self-excited vibration occurs. The amplitude of electromagnet's acceleration is up to 2 m/s 2 , which transfers to the vehicle and degrades the ride comfort. The fluctuation of levitation gap is about 0.5 mm, which impacts the stability of the levitation system. According to Figure 9 (d), the estimated velocity is unavailable when < 2 s, which is the transient response of the velocity estimator. To show the validity, the improved control scheme is activated at = 4s. Afterwards, the amplitude of the vibration is attenuated quickly, and the selfexcited vibration decays to zero finally.
Experimental Validation.
The experiments were conducted on the maintenance platform of the maglev test line, as shown in Figure 10 . The control system under test included a PWM chopper, a levitation module, and a Power PC based digital control system which is capable of executing complex levitation control and vibration control algorithms.
All the experimental data was acquired through the Ethernet based levitation monitoring network and a laptop based monitoring terminal. The data sampling rate was 200 samples per second. Figure 11 shows the result of the field test that was undertaken on the maintenance platform where the self-excited vibration occurred. When < 4 s, the self-excited vibration occurs. It can be observed that the levitation gap, current, and acceleration signals fluctuate violently. The vibration of electromagnet degrades the stability of the levitation control, decreasing the ride comfort. To check the validity, the improved control scheme was activated at = 4 s. After a more drastic and short regulation, the fluctuation of the levitation gap and the acceleration of electromagnet were attenuated greatly.
Considering that the maglev train consists of five bogies, we believe that the self-excited vibration will die away at last if the proposed suppression method of vibration is applied to five bogies and all activated at = 4 s.
Conclusions
Firstly, a minimum model containing a flexible bridge and ten levitation units is presented. Based on the minimum model, we conclude that the magnetic flux feedback is capable of simplifying the block diagram of the vehicle-bridge interaction system. Secondly, considering the uncertainty of the bridge's modal frequency, the stability of the levitation system itself and the interaction system are explored according to the real parts of the three characteristic roots. Furthermore, motivated by the positive effects of the mechanical damping of bridges and the feedback channels' difference between the levitation subsystem and the bridge subsystem, the increment of electrical damping by the additional feedback of vertical velocity of bridge is proposed and several related implementation issues are addressed. Finally, the numerical and experimental validities illustrating the stability improvements are carried out.
